HARMONIC TOTAL CHERN FORMS AND STABILITY 



AKITO FUTAKI 

Abstract. In this paper we will perturb the scalar curvature of compact 
Kahler manifolds by incorporating it with higher Chern forms, and then show 
that the perturbed scalar curvature has many common properties with the 
unperturbed scalar curvature. In particular the perturbed scalar curvature 
becomes a moment map, with respect to a perturbed symplectic structure, 
on the space of all complex structures on a fixed symplectic manifold, which 
extends the results of Donaldson and Fujiki on the unperturbed case. 



1. Introduction 

Many works have been done on the relationship between the existence of constant 
scalar curvature Kahler metrics and stability in the sense of geometric invariant the- 
ory. A way of seeing this relationship is through the moment map picture of an 
infinite dimensional set up as done by Donaldson |Zj and Fujiki jHj. They showed 
that the set of all Kahler metrics with constant scalar curvature becomes the zero 
set of the moment map for the action of the group of Hamiltonian symplectomor- 
phisms on the space of all compatible complex structures on a fixed symplectic 
manifold. Recall that for a Hamiltonian action of a compact Lie group K on a 
compact Kahler manifold, having a zero of the moment map along an orbit of the 
complexified group X'^-action is equivalent to the stability of the orbit of the reduc- 
tive group K'^ (c.f. jS], section 6.5). Applying this fact in finite dimensions to the 
infinite dimensional space of all compatible complex structures we see a relation- 
ship between the existence of constant scalar curvature Kahler metrics and infinite 
dimensional symplectic- GIT stability. 

The purpose of this paper is to perturb the scalar curvature by incorporating 
it with higher Chern classes, and show that the perturbed scalar curvature shares 
many common properties with the unperturbed scalar curvature. Especially the 
set of all Kahler metrics with constant perturbed scalar curvature is the zero set of 
the moment map with respect to a perturbed symplectic form on the space of all 
compatible complex structures on a fixed symplectic manifold. This extends the 
earlier results of Donaldson and Fujiki in the unperturbed case. 

Let M be a compact symplectic manifold with a fixed symplectic form lu and of 
dimension 2m. Let J' be the set of all w-compatible integrable complex structures. 
Then for each J E J^, (M, oj, J) becomes a Kahler manifold. For a pair (J, t) of a 
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complex structure J and a small real number t, define a smooth function S{J, t) on 
M by 



(1) c^" = ci(J) A a."*-! + tc2{J) A c^'"-^ + . . . + t'^-^CmiJ) 
Zrmr 

where Ci{ J) is the i-th Chern form with respect to the Kahler structure {lo, J) on 
M, i.e. they are defined by 

(2) det(/ + Ate) = 1 + tei(J) + • • • + f^CniJ), 

Ztt 

O being the curvature matrix of the Levi-Civita connection. Note that S{J, 0) is 
equal to the trace of the Ricci curvature g^^ R^j which is one half of the Riemannian 
scalar curvature. But since S{J, 0) more often appears in the computations in 
Kahler geometry than the Riemannian scalar curvature does, we will call S{J, 0) the 
scalar curvature in this paper. We also call S{J, t) the perturbed scalar curvature. 
As mentioned above the main result of this paper is to show that the perturbed 
scalar curvature becomes a moment map on with respect to some symplectic 
structure (Theorem 2.2 in the next section). 

This paper is organized as follows. In section 2, we will prove Theorem 2.2. We 
will give two proofs along the lines of and In section 3, we study the analogy 
to extremal Kahler metrics in our perturbed case. We will see that the perturbed 
extremal Kahler metrics are critical points of the functional on given by the 
squared L^-norm of the perturbed scalar curvature but not critical points of the 
functional on the space of Kahler forms given by the same integral. In section 4 we 
will recall Bando's result 1 on the obstructions to the existence of Kahler metrics 
with harmonic higher Chern classes and study the relevant Mabuchi functional in 
the perturbed case. In section 5, we will give a deformation theory of extremal 
Kahler metrics to the perturbed extremal Kahler metrics extending earlier results 
of LeBrun and Simanca JH] , jJUj . 

2. Perturbed symplectic structure on the space of complex 

structures 

Let (Af , Lu) be a compact symplectic manifold of dimension 2m and the space 
of all a>-compatible complex structures on M. This means that J E ii and only 
if uj{JX,JY) = uj{X,Y) for all vector fields X and Y, and uj{X,JX) > for 
all non-zero X. For later purposes it is convenient to assume that J acts on the 
cotangent bundle rather than the tangent bundle. Fixing J E J^, we decompose 
the complexified cotangent bundle into holomorphic and anti-holomorphic parts, 
i.e. ibV^-eigenspaces of J: 

(3) T*M ® C = T}'M e T}"M, T}"M = T}'M. 
Taking arbitrary J' E we also have the decomposition with respect to J' 

(4) T*M ® C T}',M e T}'/M, T}'/M = TpZ. 

If J' is sufficiently close to J then Tj',M can be expressed as a graph over TfM as 

(5) T}:M = {a + fi{a) \ a G T}'M } 
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for some endomorphism fi of TJ'M into Tj"M: 
jjL e r(End(rj'M, TJ"M)) 

(6) S T{TjM O Tj'M) S r(T;M O T^M) 

where in the last identification we used the Kahler metric defined by the pair (w, J). 
This can be expressed in the notation of tensor calculus with indices as 

IJ' 9 k —■ 

where we chose a local holomorphic coordinate system {z^, - ■ ■ , z"^) and wrote u) as 
UJ — \f~^ Dijdz"^ /\ dz^ . 

Lemma 2.1. With the above identification understood, n lies in the symmetric part 
r(Sym(T;M O T;M)) ofT{T^M^T'jM). 

Proof. The symplectic form w gives a natural identification between the tangent 
bundle and the cotangent bundle. This identification then gives a natural symplec- 
tic structure on the cotangent bundle, which we denote by uj^^. If a; is J-invariant, 
then is also J-invariant. For the complex structure J, is expressed in 
terms of the Kahler metric of the Kahler structure (w, J) as 

OZ^ dz3 

where we used the local expression of u as above. Since a;~^ is J-invariant and any 
1-forms a and (3 in Tj'M are eigenvectors of J belonging to \/— T, we have 

uj-\a,l3)=0. 

Similarly we have 

LO~^{^a, jifi) = 
and, since oj~^ is also J'-invariant, we also have 

oj-'^ia + iia, p + fxP)= 0. 

Thus we obtain 

(7) iJ-\a,fip)=io-\p,txa) 

which implies that e r{TjM®TjM) is symmetric because in the local expression, 

(8) H^'aiPj = n'^aijSj, 

as desired. □ 

Considered infinitesimally, the tangent space TjJ to at J is a subspace of 

Sym{TjM(girjM). 

Then the i^.j^ner product on Sym(TjAf ® T'jM) gives a Kahler structure. 
But we perturb this Kahler structure in the following way. Let t be a small real 
number. For /x and v in the tangent space TjJ, we define 



(9) {v,ijL)t= I mcrn{VjklJ''j-^dz^Adz'^,u®I+-—^tQ,---,uj®I+-—^tQ) 
Jm ^ti" ^ti" 

where Cm is the polarization of the determinant viewed as a GL(to, C)-invariant 

polynomial, i.e. Cr„(Ai, • • • , A^) is the coefficient oim\t\ - ■ ■ tm in det(fi^i -!-••• + 

tmA-m), where I denotes the identity matrix and O = d{g~^dg) is the curvature 
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form of the Levi-Civita connection, and where UjkfJq should be understood as the 
endomorphism of T'jAI which sends d/dz^ to UjklJijd / dz^ . 
Note that 

c,„(A, • • • ,A)^AciA. 
This is similar to the wedge product 

ai A • • • A am 
for the type (1, l)-forms ai, • • • , am- For we have 

a A ■ ■ ■ Aa = dct(a,-r)dz^ A dz^ A ■ ■ ■ A dz™- A dz™- 

when a — ^ a^-jdz^ Adz^ . Therefore there is a symmetry between the endomorphism 
part and the form part in the integration of (9). This symmetry will be used in 
this work and was used in the work of Bando 1 quoted in the next section. 

When t = 0, (•, •)t gives the standard L^-inner product which is anti-linear in the 
first factor i/ and linear in the second factor /i. If the real number t is sufficiently 
small, (•, •)( is still positive definite. 

Let G be the group of all Hamiltonian symplectomorphisms of {M,uj). The Lie 
algebra of Q is isomorphic to the Poison algebra C^{M) of all smooth functions 
on M with average 0: 

Co°°(M) = { 7ie C°°(M) I / 

Jm 

Q acts on as holomorphic isometrics. 

Theorem 2.2. For each fixed small real number t, S{J,t)/2rm: gives an equi- 
variant moment map on J if we consider S{J,t)/2rmr as an element of the dual 
space of C^{M) by the pairing 

zmiT J 2mTT 

The case i = is due to Donaldson {|7j) and Fujiki (,9,), and a mildly different 
proof in this case was also given in Tian's book |21|. 
To prove the theorem, let us consider two operators 

where P represents the infinitesimal action of the Lie algebra on J' via Hamil- 
tonian action and Q represents the derivative of the map which associates to J ^ J 
the perturbed scalar curvature 2^S{J,t) of the Kahler manifold {M,uj,J). We 
need to show 

^i{P{u),V^^l)t =<Q{^i),u> 

To compute P{u), we have only to compute LxJ for a smooth vector field X. 
Lemma 2.3. For a smooth vector field X = X' + X" we have 

LxJ ^ 2V^VjX' - 2^J~A\l'jX". 
In particular, if X^ is the Hamiltonian vector field of u, 

p{u) = 2v^v'jx:. 



Proof. Since {LxJ)a ~ Lx{Ja) — JLxa, if a is a type (1, 0)-form, 

(10) {LxJ)a = V^iLxa - + (Lxaf'^) = 2V^iLxa)°'\ 
On the other hand 

(11) Lxa^d{a{X')) + i{X){dja + dja). 
Thus 

(12) {Lxa)''' = dj{aiX')) + i{X')dja. 
But 

dj{a{X')) = V'jiaiX')) 

= (V»(X') + aiV}X') = {dja){X') + aiV'jX'). 

This impHes 

(13) dj{aiX'j) + i{X')(dja) = a{V}X') 
From (10), (12) and (13) we get 

(14) {LxJ)a = a{2^/^ VjX'). 
Similarly, if a is a (0, l)-form, then 

(15) {LxJ)a^a{~2V^y'jX"). 

From (14) and (15) we get the lemma. This completes the proof. □ 
From this lemma we get for the real function u 

(16) n{P{u), V^fi)t = 2n{V':jXi, fi)t 

= 23?/ mc„i(ujfe ^^j^^^^dz'' A (g) / + ^^^^te, • • • , w(g) /+ ^^^^-^t6). 

Jm 27r 27r 2n 

Next we need to compute Q. We will do this in two ways along the lines of [J] 
and j2J. First we follow the arguments of [Zj just word for word. 

If identify TJ'M with TJ'M through a + fxa i-^ a, this identification induces 
identifications of differential forms with all degrees, which we denote by c : fij,'' 

Lemma 2.4. With the above identification we have the following. 

(a) // a 1-form 7 = a + ^ G T}'M © T'}" M is written also as 7 = a' + /ia' + 
WTW G T}',M e T}'/M then 

P' — j3 — /ia 

up to first order in fj,. Namely 



up to first order in fj.. 

,,2.0 I ,,1,1 I ,,0,2 r- c 

'J a? "J 



(b) // a fixed 2-form x = X^'° + X^'^ + e © © has x' 



(1, l)-component with respect to J' , then 

up to first order in /i, where we extended the operation of n to higher degree 
tensors in the obvious way. 



Hereafter we use the notation = to mean " up to first order in ji" . 



Proof, (a) From a' = a — we see 

/?' = /? — jia' = P — n{a — ^if}') = 13 — fia. 

(b) If a fixed 2-form is written also as x = (1 + A (1 + /Lt)a2 + (1 + m)q^3 A 
(1 + + (1 +/i)/'?2 A (ITmPs e e j/ e j/^, then a similar computation 
as in the proof of (a) shows 



as A /?! = X ' - "1 A Aia2 - /xai A a2 - At/3i A P2 - Pi ^ 

This completes the proof. □ 

Corollary 2.5. Let E ^ M be a vector bundle. IfV is a fixed connection of E 
and V = Vj + V j with respect to the complex structure J, then by the identification 
above V", is identified with Vj — /uVj up to first order in ji. 

Proof of Theorem 2.2 The identification l : Tj'M Tj'M is a Hermitian isometry 
up to first order in /i, and we can consider the Lcvi-Civita connections Vj and Vj' 
as two unitary connections on the same bundle. If J is fixed and V" is varied by 
(J G J7°'^(End(T'Af )) then the connection changes by a — a* . On the other hand, 
if a connection V = V j + V" is fixed and J varies to J' by /i, then the new Vj, is 
identified with Vj — /iVj up to first order in fi by Corollary 2.5. 

Now we compute V", for a 1-form a of Tj' M , which is strictly speaking equal 
to i o Vj/ o i~^{a). But Vj/ o (.~^(a) is r2j,^-part of d{a + iia) up to first order in 
^,. Prom this and Lemma 2.4, (b), we get 

(17) V'j/a = V'> + V'j(/xa) - m(V». 

On Tj'M ® Tj'M, /z acts as a derivation. To make the notations clear we will 
denote by /ii (resp. 112) the action of ^, on the first (resp. second) factor. So, on 
Tj'M ® Tj'M, we have ^ = ytxi®l + l(8) fi2- With these notations the right hand 
side of (17) is equal to 

(18) VjQ! + /U2 Vja + (VjAt)Q! - M(V'a) = Vja - ^iiVja + (Vj/x)q! 

= (V';-MV'j)a+(V»a. 

By Corollary 2.5, Vj — /LtVj is the expression under our identification of J'- 
(0, l)-component of a fixed connection Vj. Thus the variation of the Levi-Civita 
connection is a — ct* where cr = Vj/x. Notice that a must be a (0, l)-form with 
values in End(TjM). So, in local expressions 

Vjii = {Vjf/jd~^) 

with i column index, j row index. Since it is convenient to distinguish the covariant 
derivative as the endomorphism part from the covariant exterior derivative as the 
form part, we shall write V j to denote the covariant derivative as the endomorphism 
part and to denote the covariant exterior derivative as the form part. Thus, 
under the variation 5J = ji oi the complex structure, the variation 5Q of the 
curvature matrix G is 

5Q = d^'{a-a*). 

Its (1, l)-part is 

(5e)^'i = d^'^(v'jM)-(d^'-'(v'jM))*- 
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Since the exterior covariant derivative dy^{uj I + -^^^ t&) of w (8) / + -^^^ tQ 
vanishes, we have 



■I 

Jm 

J A 



I o{J,t) 
U —7 -U 



M TOc™(— -^d^'-'(VjAt),a;(g)/+ — t@, ■■■ ,a;(g)J+— t@) 

j^j ZTT ZTT ZTT 

= -23? / mc™(^^^d^'-^uA Vj/u,a;(8)7+ t@, ■■■ ,a;(8)/+^^^ tO) 
Jm 27r 277 27r 

Now the invariant polynomial Cm takes determinant for the endomorphism part, 
and therefore we may interchange the roles of the form part and the endomorphism 
part in the integration above. Thus by the vanishing of (i^ '(cj(g)/ + -^^i tQ) again 
we can use integration by parts for the covariant derivative of the endomorphism 
part. Hence we have 

S j u ^^w"* = 23? / mCmC^^^W^f^l^, 0;®/+^^ ie, • • • , J+^^ ^9). 
Jm ^mn Jm 2tt 2-k 2-k 



where the term -^2?^J^^'"'^ A /x is expressed in local coordinates 



27r ^ 



where Ukj = VjVfcU. This coincides with (16), completing the proof of Theorem 
2.2. 

Alternate proof of Theorem 2.2 We only need to show that < Q(/l<),u > is equal 
to (16). To compute Q we take a local coordinates {x^, ■ ■ ■ , x^"^) with respect to 
which Lo is the standard symplectic form on M^"' . by using Darboux's theorem. Let 
Jt be a family of complex structures with Jq = J. Then we have 

j|t=o = 2sf^ii - 2V^]I. 

This follows because, by taking the derivative of 

Jt{a + ii{t)a) = ^/^{a + iJ.{t)a) 

with /i(0) = n, we have 

j{a) = 2y/^ti. 

Let gt = LoJt be the Riemannian metric induced by J(. Then the Christoffel symbols 
of gt are written as 

= -n^'- ( -I- _ ^9t,ok 

2^* V dx^ dxi dx^ 

At p G M we may assume that gij{p) = Sij, dgij{p) — 0, and 

where g = go- Then TJ ^j. is of order t, and 
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d d d 

Rt,ijke = fff(V^V^---T - V^V^—T, — r) 

Ox' 0x3 ox' 0x1 Ox' OX ox 

^ 1 / 9^9tM _ d^gtje _ d'^gt,pi d'^gt^u \ ps 
^*''^2 \dxidx^ dx^dxP dxidx^ dxidxP J ^* 
+ quadratic terms in the first derivatives of g. 

Taking the derivative with respect to t at f = 0, 

d . I , . . . . . 

-Jj\t=0^t,ijk£ = 2^9kjM — 9j£,ik — flkije + gujk}- 

Now we compute the right hand side in terms of local holomorphic coordinates 
z^, ■ ■ ■ , z^. The only terms involved in the integration are gji ji^'s and their com- 
plex conjugates, and we also have 

Thus 

Hence we get 

Jm 2tt 2tt 2tt 

As in the last part of the previous proof this last term coincides with (16). This 
completes the alternate proof. 



3. Perturbed extremal Kahler metrics 

For a real or complex valued smooth function m on a Kahler manifold (M, g) we 
put 

du d 
dz^d? 



grad'u — (?*^ - 



and call it the gradient vector field of (/. Strictly speaking the real part of grad'?/ is 
the gradient vector field of u, but we identify a real vector field with its T'Af-part. 

Definition 3.1. A Kahler metric g = {g^) is said to be a perturbed extremal 
Kahler metric if the gradient vector field 

grad'S{J,t)=±g^^^^^ 
^ ' ^ dz^ dz' 

of the perturbed scalar curvature S{ J,t) is a holomorphic vector field. 
Proposition 3.2. Critical points of the functional 

[ S{J,tfio'" 
Jm 

on J are perturbed extremal Kahler metrics. 



Proof. Let J{s) be a smooth family of complex structures such that J(0) = J and 
j(0) = fi. By the proof of Theorem 2.2 



ds 



s=Q JM 



u S{J{s),t) cj" = 2m7r5R(V"V"u,Ai)t 



for all real smooth function u with J^^uw™ = 0. We take m to be w :— S{J,t) — 
Jj^j S{J,t)uj"^ / Jj^ji^"^ and /i to be (— V— l)-tinies the infinitesimal action of the 
Hamiltonian vector field of v at J. Then using the above equality and Lemma 2.3 



d_ 

ds 



s=0 -^M 



V S{J{s),t) = 2m7r3fi(V"V"u,Ai)t. 



From this we get 

d_ 

ds 



s=0 JM 



2 , ,m 



S{J{s),tYuj 



M as 
d 



S{J{s),t) uj'' 



V 



M 



ds 



s=0 

S{J{s),t) 



= Am^T^{V"V"u,^l)t. 
This shows that J is a critical point if and only if 

V"grad'S'( J, t) = 0, 
i.e. the Kahler metric of (M, J) is a perturbed extremal Kahler metric. 



□ 



Remark 3.3. In the case of unperturbed extremal Kahler metrics when t — Q, 
such Kahler metrics are also the critical points of the functional 



2 ,m 



M 



S{ujYuj 



on the space of all Kahler forms oj in a fixed Kahler class [loq] where S{u!) denotes 
the scalar curvature of the Kahler form oj, (c.f. jlJJ. But when t ^ the perturbed 
extremal Kahler metrics are not the critical points of the functional 



2, ,m 



s{Lu,tyuj 



on the space of all Kahler forms in a fixed Kahler class where 

= ci{uj) A Lj"'-^ +tc2iu;) A uj"'-'^ + ■ ■ • + t'"-ic„,(tj) 



(19) ^0.'' 



2rmr 



i(det(w (E)I+ t&) ~ uj""), 

t ZTT 



Cj{uj) being the j-th Chern form with respect to lo: 



detfl + t 



e) = l+tei(cj) + --- + f"-ic„,(co). 



Note that we use the notation S{uj,t) instead ofS{J,t) to emphasize that lo is varied 
now. 

9 



Proof of Remark 3. 3 Let w + (5a; be a variation of the Kahler form in a fixed Kahler 
class. Then 5u] = y/—ldd(p for some real smooth function (p. By (19) the variation 
5S{u, t) of the perturbed scalar curvature is given by 



2m7r 



2rmr 



1 /— T / ^ 

= -{mCm{\/^ddipiSi I +^ — tdQ,wiSi I + ^ — tO, 

t ZTT ZTT 



ZTT 



/TT ZTT ZTT 



ZTT ZTT ZTT 



H h m Cm{V—iddip (g) /, — — 6, w (g) /, • • • , a; (g) /). 

ZTT 



Thus 



zmTT ZTT ZTT 



1 ^ v-1 
te, - • • / + — — 

ZTT 



+ 25(0;, t)m Cm{\/^ddip (g) J, 6, w O 7 + tG, • • • , w O 7 + 

ZTT ZTT ZTT 



+ 2S'(w,t)mcTO(v-195(p(g)7, — — e,w(g)7, ••• ,a;ig)7) 

ZTT 

6'(a;,t)2A<^a;™. 



2m7r 



Since (59 = V"V' (ip'j) we have 



(20) 



(5 / 5(a;,t)2 
2m7r Jm 

r I Y /— T 

= 2/ S'(w,i)mcTO(VjVfe ((^'j) ^^t; — dz^ hdz^ ,uj® I +^ — 46, 
Jm 27r 27r 



••• ,a;0 7+ — iO) 

ZTT 

+ 2/ 5(w,t) mc„(V^5%(g)7, ^^^e,w® 7+ ^^^te, 



■■■ ,a;(g7+ — iO) 

277 



H h 2 / S'(w, t) mCm,{V-lddip (g) 7, — 9, w (g) 7, • • • , w (g 7) 



M 



27r 



2m7r J„ 



5(a;,i)2A(pa;'^ 
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But 



(21) 



where wc used the second Bianchi identity at the last equahty. It follows from (20) 
and (21) that 



(22) 



2m7r Jm 



Jm ^ ztt 



+ 2 1 S{w, t) mCm{V-ldd(p (g) /, 

Jm 27r 



w 7 + ^ — te, • • • , w 7 + ^ — te) 
2n 2tt 



e, 



+ ••• + 2 



JM 



w O 7 + te, • • • , w O 7 + t&) 
Ztt ztt 

~1 



mcmiv—iddif (g) 7, — — 6, w 7, • • • , w (g) 7) 

ZTT 



2m-K 



But 



^■fc^^^^' A dz^ = R^-l^^dz'^ A dzi = 



From this and integration by parts 



(23) 2/ Siu;,t)mcmi^pVPR-'^^dz'' Adz^,LO(S) I +^^tQ, 
Jm 2n ZTT 



•• ,a;®7+^V^ie) = --^ / S{uj,tfAip 
2-K 2m-K Jm 



CO 
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It follows from (22) and (23) that 

5 [ Siuj^tfoj"" 
2mn Jm 



Jm 



-2 / S{uj,t)mCm{{'VjVWk'fij^^^dz'' Adz^, 



u)iSiI + 



27r 



t9, ••• ,a;0 7 + 



27r 



te) 



(24) +2 / 5(w,t)mc™(i?PjfeVrfV 



T 



27r 



,a;(g)7 + 



27r 



■ te) 



(25) +2/ S{<jj,t) mcm{y/^ddip®I,^ — e, 
Jm 277 



27r 



te, ••• ,a;(g)7 + 



27r 



te) 



H h 2 / S'(u;, t) mCmW-lddLp ® /, -^7; — e, w O /, • • • , w (g) /) 

ZTT 



M 



(26) 



mir J^ 



When t = this is equal to 



(27) 



1 



2m-K 



M 



-2 / SDipu!"' + 2 
'm 



with D = ViVj V^V-' where S = S{lu, 0) is the unperturbed scalar curvature and we 
used the normal coordinates such that the complex Hessian {^{j) is diagonalized. 
The third term on the right hand side can then be computed using 

^ m m ^ -J 

^ " 27r ^Z^T^tii^Z^ 27r 

and we see from this and (27) that 

2m-K Jm Jm 

This proves the fact that the critical points in the unperturbed case are the extremal 
Kahler metrics. We have seen that when t = 0, (24) + (25) + (26) vanishes. But 
when t ^ 0, this is not the case because we have the term with t™^^ only in (24) 

2 5(a;, t)mc„(i?f,fe VpZ^rf^'' A rf?, ^ te, • • • , ^ t@), 

which does not always vanish. This completes the proof of Remark 3.3. 
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4. Kahler metrics of harmonic Chern forms 



Let M be a compact Kahlcr manifold with a fixed Kahler class [uja] and f)(Af) 
the complex Lie algebra of all holomorphic vector fields. For any lu e [cjo], let Ck{io) 
be the k-th Chern form with respect to lu as in Remark 3.3. Let Hckit-u) be the 
harmonic part of Ck{Lo). Here the harmonic projection H is taken with respect to 
the Kahler metric uj. Then 

Ck{uj) - Hck{uj) = V^ddFk 

for some smooth real (fc — 1, — l)-form 

Fk e n''-'^-''-\M). 

For a holomorphic vector field X G f)(Af), define fk ■ i}{M) — > C by 

fkiX)^ ^/ LxFkAiu"'-''+\ 

m- k + 1 Jm 

Theorem 4.1 (S. Bando 0). The functional fk on [)(Af ) is independent of the 
choice of LO ^ [^o]j becomes a Lie algebra character and obstructs the existence of 
Kahler metrics lo in [loq] of harmonic k-th Chern form. 

In the author gave a larger family of integral invariants including /^'s and 
obstructions to asymptotic Chow semi-stability. 

Here again as in Remark 3.3 we are fixing J and varying oj, instead of fixing w 
and varying J. So we denote the perturbed scalar curvature by S{uj,t) as in (19). 
If X — grad'u = g^^ ^ ^ with Jj^j u = then we see using the integration by 
parts that 

(28) / U^(w,Ow™ = -/l(^) - tf2{X)- ■■■ - f"-l/m(^). 

2m7r 

We put 

Ft{X) A(X) + t f^{X) + ■■■ + f"-i/m(^)- 
and call it total Bando character. 



Proposition 4.2. For fixed small t gR, Ft : i){M) —^Cisan obstruction to to the 
existence of Kahler metric lo S [loq] of constant perturbed scalar curvature S{LO,t). 
If there exists a perturbed extremal Kahler metric and the total Bando character 
vanishes, then the perturbed extremal Kahler metric has constant perturbed scalar 
curvature. 

Proof. If there is a Kahler form lo G [wq] such that S{Lo,t) is constant. Then 
the total Bando character has to vanish because of (28) and the normalization 
Jj^ u w'" =0. If w is a perturbed extremal metric then grad'5(ti;, t) is a holomorphic 
vector field and 



Ft(grad'5(a;,<)) 



1 f frdS{uj,t)dS{uj,t) 



Thus if Ft vanishes then S{uj,t) is constant. □ 
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Let a{t) be the topological invariant 



_ (ci(Af) A [coo]'"-i + tc2(Af)K]'"-^ + ■ ■ ■ + t"'-^Crn{M))[M] 

This is obviously the average of the perturbed scalar curvature (with respect to any 
Kahler form lu G [i^o])- For any two Kahler forms u' and lo" we define 



M 



ds 



where u)s — oj -\- \/~ldd (ps, < s < 1, is a smooth path in [luq] joining ui' and 
oj". Bando and Mabuchi ( 2 ) observed that every coefficient of t'^ in A^t(w',a;"), 
and thus A4t{co' ,u}"), is independent of the choice of the paths cus and satisfies the 
cocycle conditions. Putting utiuj) :— Mti^o,^), we get a functional on the space 
of all Kahler forms in the cohomology class [ujq]. The functional i^o in the case 
when t = is the so-called K-energy or Mabuchi energy. We call i^t the perturbed 
Mabuchi energy. It is obvious that the critical points of the perturbed Mabuchi 
energy are the Kahler metrics of constant perturbed scalar curvature. In the case 
when t = Chen and Tian [S] proved that the Mabuchi energy is bounded from 
below if there exists a Kahler metric of constant scalar curvature, and that the 
infimum of the Mabuchi energy is attained exactly on the space of Kahler metrics 
of constant scalar curvature, extending earlier result of Bando and Mabuchi P] for 
Kahler-Einstein manifolds of positive first Chern class. We hope to discuss for the 
perturbed case in a later paper. 

The proof of the fact that the definition of Ait is independent of the paths follows 
from the fact that S{ui,t)ui"^ gives a closed 1-form on the space of Kahler forms. 
The closedness comes from the symmetry between the endomorphism part and the 
form part in the definition of S{LO,t)u!"^, as was explained between the equation 
(9) and Theorem 2.2. The detailed discussion was given in ^U] but of course the 
original idea goes back to Bando [T] . 

For the identity component Aut''(M) of the group of all holomorphic automor- 
phisms of M, let G denote the maximal linear algebraic subgroup. The maximal 
reductive subgroup K'^ of G is the complexification of a compact Lie group K. 
Taking the average of the Kahler metric by the action of K we may assume that K 
acts as isometries. We denote by w the Kahler form of the averaged Kahler metric. 
Then the elements of the Lie algebra of K are Killing vector fields of (M, w) and 
are thus obtained as the real parts of the gradient vector fields of purely imaginary 
functions (see e.g. JT]). Therefore as a complex Lie algebra, the Lie algebra t"^ is 
isomorphic to the Lie algebra u spanned over C by some real functions iti, • • • ,Ud 
with the normalization J^^ Ui w™ = where the Lie bracket on u is given by the 
Poisson bracket 

r T , , ,7 du dv ,7 dv du 
= u Vi - V Ui = q -' -— - - g ^ -— -. 

Proposition 4.3. Let the situation be as above. If we choose cUr — lu + \/^ldd (pr 
so that = and that ipr\r=o ~ u for some real smooth function u in u, then 



d_ 

dr 



vt{LOr) = 2TO7rFt(grad'M). 

r=0 
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Proof. This is immediate from 

Jo Jm Oq 

and 



d 
dr 



— 2imT Ft (grad'w) 

where the last equahty follows because u is a normalized Hamiltonian function for 
a holomorphic vector field. □ 

This proposition shows that the perturbed Mabuchi energy is an integral form of 
the total Bando character. A way of computing the unperturbed Mabuchi energy 
vq without using the path integral was given in |14| . It would be interesting if one 
can give a formula for i^t without using path integral. B. Weinkove (221 related the 
degree 1 and 2 terms in i of Alt to Donladson's functional which was used in the 
proof of the existence of Hermitian-Einstein metrics on stable vector bundles [H]. 

We also remark that the modified Mabuchi energy to treat the extremal metrics 
can be also defined in the perturbed case just as defined in (IBj and (20j. One can 
use the proof given in jl5| . 

The results obtained above may be interesting to compare with a results of X. 
Wang '2'2 (see also ^l2^) which we summarize below. 

Let (Z, n) be a Kahler manifold and suppose a compact Lie group K acts on 
Z as holomorphic isometrics. Then the complexification K"^ of K also acts on Z 
as biholomorphisms. The actions of K and K'^ induce homomorphisms of the Lie 
algebras t and 1"^ to the real Lie algebra T{TZ) of all smooth vector fields on Z, 
both of which we denote by p. li + irj E i'^ with ^, rj E t, then 

where J is the complex structure of Z. Suppose [fi] is an integral class and there is 
a holomorphic line bundle L Z with ci (L) = [fi] . There is an Hermitian metric 
h of such that its Hermitian connection 6 satisfies 

— -d0 = n. 

Suppose we have a lifting of K'^ to L^^, so that we have a moment map p, : Z ^ 
6* because the lifting of iiT-action to L is equivalent to defining a moment map 
(see 0, section 6.5). Let tt : L^^ Z he the projection and tt{p) — x with 
p E — zero section, x E Z. Denote by F = K'^ ■ x the X'^-orbit of x in Z, and 
r = K'^-p be the i^'^-orbit of p in L~^. We say that x E Z is polystable with respect 
to the X'^-action if the orbit F is closed in L~^. Consider the function /i : F — > M 
defined by 

h{j)^log\j\\ 

Fundamental facts are 

• h has a critical point if and only if the moment map /j, : Z —^ t* has a zero 
along F: 

• h is a convex function. 

For these facts refer again to 0, section 6.5. These imply the following two propo- 
sitions. 
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Proposition 4.4. A point x (z Z is polystable with respect to the action of K'^ if 
and only if the moment map /i has a zero along T. 

Proposition 4.5. The set {a; € F | fi{x) — 0} has only one component, and the 
orbit Stab{xY ■ x of the complexification of the stabilizer at x through x is connected 
even if Stah{xY is not connected. 

For a given x & Z we extend ^{x) : 6 — > M complex linearly to n{x) : t"^ — > C. For 
notational convenience we denote by (resp. {K'^)^) the stabilizer of x in if (resp. 
if^), and by and {t'^)x the Lie algebra of and {K'^)^. Define fx '■ {^'^)x C 
to be the restriction of ^j,{x) : fi'^ ^ C to {t'^)x- Note that {K'^)gx = g{K'^)xg~^- 

Proposition 4.6 (Wang |22). Fix a;o e Z. Then for x € ■ xq, fx is K"- 

equivariant in that fgx(Y) = fx{Ad{g^^)Y). In particular if fx vanishes at some 
X € K'^ ■ Xq it vanishes at all x £ K'^ ■ xq. Moreover fx '■ (t'^)x — > C is a Lie algebra 
character. 

For a proof of this proposition, see [221 and also |[12j. Suppose now we are 
given a if-invariant inner product on 6. Then we can identify B = 6*, and 6* has 
a JsT-invariant inner product. Consider the function : K'^ • xq — > M defined by 
4>{x) = |/i(a;)p. We say that x G K'^ ■ xq is an extremal point if x is a critical point 
of (j). 

Proposition 4.7 (Wang [22]). Let x e ■ xq be an extremal point. Then we have 
a decomposition 

(r). = (e.r®^n 

A>0 

where 6^ is X-eigenspace of a,d{i^(x)), and ifi{x) lies in the center of (txY ■ In 
particular {txY = i^'^)x */ o,nd only if ^{x) — 0. 

For a proof of this proposition, see P2 and also jEl- Let (M, wo, Jo) be a compact 
Kahler manifold with a fixed Kahler form ujq. Apply the above results for finite 
dimensional manifold Z to the set J of all w-compatible integral complex structures 
J with respect to which (M, wq, J) is a Kahler manifold, where the compact Lie 
group K is replaced by the group of symplectomorphisms generated by Hamiltonian 
diffeomorphisms. This explains a relationship between stability and various results 
about extremal Kahler metrics. For example. Proposition 4.6 explains the total 
Bando character and Proposition 4.7 of course explains Calabi's decomposition 
theorem for the Lie algebras of all holomorphic vector fields on compact extremal 
Kahler manifolds 0] (see the next section). 

5. Deformations of extremal Kahler metrics 

Let M be a compact complex manifold carrying a Kahler metric. By a {t- 
perturbed) extremal Kahler class we mean a de Rham cohomology class which 
contains the Kahler form of a (i-perturbed) extremal Kahler metric. In this section 
we prove the following result which extends the results of LeBrun and Simanca |18j , 

uni. 

Theorem 5.1. For an extremal Kahler class [loq], there exists a neighborhood 
U X (— e, e) of {[uJo],t) in H£j^{M,R) x R .such that all points of U are t-perturbed 
extremal Kahler classes for all t e (— e, e). 
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The rest of this section is devoted to the proof of this theorem. We first review 
well known facts on Hamiltonian holomorphic vector fields on compact Kahler man- 
ifolds. Let {M, g) be a compact Kahler manifold. We define a fourth-order elliptic 
differential operator Lg : C^{M) -> C^{M) by 

LgM = V"*V"*V"V"w, 

where C^{M) denotes the set of all complex valued smooth functions on M. More 
precisely 

Lgu = V~vVjVjW 

= A^M + #' VjV, u + Vju 

where S denotes the unperturbed scalar curvature. Then the kernel of Lg consists 
of all smooth functions u whose gradient vector fields 

d 

grad'u := g'^'^ju — 

are holomorphic vector fields. It is well known that such holomorphic vector fields 
are exactly those which have zeros (see |18| for a comprehensive proof). Since 
constant functions correspond to the zero vector field, we only consider the subspace 
(kerLg)o consisting of all functions u G kerL^ which are orthogonal to constant 
functions: 

f .< = 0. 

JM 

Now we study the behavior of m G (kerLg)o when the Kahler metric g varies in the 
same Kahler class. The following lemma was used in pp. 208-209, but we will 
reproduce a proof here for the reader's convenience. 

Lemma 5.2. Let g-^ — + ViVj(/9 he a Kahler metric in the same Kahler class 
as gfj. If u E (ker ig)o, then u :— u + 'S/'^u Vitp G (ker ig)o and gia.dgU — grad^ u. 

Proof. We first show the last equation. 

gradgU = 3*7^ A^g*7(^+v'=uVfcVj(^)^ 
^ dz^ dz' ^ ^dz^ dz^ 

- 7fe ' ^9 d 



r {g,- + V,V-^) _ = V^u ^ = grad 



It remains to see 



ULjg 

M 



Let g^fj — gg -I- iViVj^s be the line segment of Kahler metrics between g and 
and ut = u + tV^uViLp be the corresponding functions in (kerLg)o. It is sufficient 
to prove 

4 / ut^r = 0. 

AJm ^' 

It is also sufficient to prove this at t = 0. But 

^ f UtLU^^= f (VW,(^ + «(A(^))c.7=0, 
where A = V'Vi u denotes the complex Laplacian. This completes the proof. □ 
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Now let K be the identity component of the isometry group of (Af, g) , and t be 
its Lie algebra. Hence t consists of all Killing vector fields. On a compact Kahler 
manifold i can be embedded into the complex Lie algebra f)(M) of all holomorphic 
vector fields on M hy X G t ^ ^{X - ^/^JX) e f)(M). By this t is often 
identified with the image in f)(A/) of this embedding. As was explained in the 
previous section when a holomorphic vector field X is written as a gradient vector 
field of a complex valued smooth function, X is a Killing vector field if and only if 
the function is a purely imaginary valued function. We choose real valued smooth 
functions ui, • • • , so that the gradient vector fields of iui, • • • , iud form a 
basis of t(8)C. We also assume that 1, ui, • • • , Ud form an L^-orthonormal system 
(under the normalization Jj^.jUiUj"^ = 0). Let us denote by Jg the linear span over 
C of 1, ui, ■ ■■ , Ud- 

Remark 5.3. Since the imaginary part of grad'uj is a Killing vector field, 
(grad'uj)(/3 is a real function for a K-invariant real function ip. 

Remark 5.4. V9{j = Qfj + V,;Vj(p is a K-invariant Kdhler metric in the same 
Kdhler class as g, then the corresponding basis of Jg consisting of real functions are 

1, wi = Ml + (grad' ui)ip., ■ ■ ■ , Ud ^ Ud + (grad' Ud)(p- 

It is easy to see that they form an -orthonormal system with respect to g (see 
\l'6\. Appendix 2). 

Since we assume that there is an extremal Kahler metric, the Lie algebra f)(Af) 
has the following structure by a theorem of Calabi 0]. Namely there is a decom- 
position 

f)(M)-(,o + 5]f)A, 

where f)A is a A-eigenspace of the adjoint action of the extremal vector field 

ad(grad'S') : f)(Af) ^ 1)(A/), 

and further t)o is the complexification of the Lie algebra I consisting of all Killing 
vector fields on {M,g). In particular, it turns out that grad' S" lies in the center 
of fio- that [t)A, t}fi] C f)A+/i, and that t)o is a maximal reductive Lie subalgebra of 
f)(Af). 

Now we consider the set of all Kahler metrics invariant under the identity com- 
ponent of the isometry group K of (A/, g) of the form 

Lu(a, If) = Lu + a + \/—lddip 

where a is a X-invariant real harmonic (1, l)-form on {M, g) and is a if-invariant 
real-valued L|_|_4-function. Hence the space of such ^fC-invariant Kahler metrics is 
identified with an open subset of H^'^{M;'R) x L\^^ ^ where i7^'^(Af ;R) denotes 
the vector space of all real harmonic (1, l)-forms on M and -^^^4 is the vec- 
tor space of all real valued ii'-invariant i|+4 functions on M . Let Ik+A be the 
orthogonal complement to the subspace spanned by 1, ui, • • • , Ud in L\_^^ ^. 

Let Ij be the Kahler metric corresponding to Lj{a,ip). Then we obtain, as in 
Remark 5.4, L^_|_3-functions (1, ui, • • • , Ud) whose gradient vector fields span the 

Lie algebra I. Let Jfe+3 be the linear span of (1, ui, • • • , Ud). We put = 1- Then 
for a sufficiently small neighborhood t/ of 5 in iJ^'^(Af;M) x I/^_,_4 ^, we have 

det(ui, u-,)i2 ^ 
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for all 5 € U. Then it is easy to see 

ker(l-n,)(l-ng) = ker(l-ng) 
where Ilg and Ilg are respectively the projections of L| ^ onto Jk+s C Ll ^ 
and onto Jfe+3 C Ll j^: 

d 

■■ ng(/) = ^(/, Ui)ui, 

i=0 

d 

ng : ^ i2 ng(/) ^(/, Ui)Ui. 

i=0 

Put F := [/ n (/f ^'^(M; M) x /fc+4), and take a neighborhood W of the origin in 

y X R such that for every point (jj, t) in W (identifying V with the space of Kahler 
metrics) the inner product (9) makes sense so that one can consider t-perturbed 
scalar curvature. Consider the map & : W ^ Ik defined by 

e{g,t) = {l-ILg){l-Ug)Sig,t). 

Note that 6(g, 0) = and that ©""'^(0) is the set of all perturbed extremal Kahler 
metrics in W. To complete the proof of Theorem 5.1, it is sufficient to show, by 
the implicit function theorem, that the partial derivative 

-D6(g_o) '■ Ik+i — * Ik 

at (5,0) in the direction of Ik+i is an isomorphism. In the direction of tjj G Ik+4, 
the derivative of the scalar curvature is 

(DS)g(^) = -A2^-i?%yViV, 
and the derivative of the projection 11 is 

iDU){S{gMi^) = ^ (5 + V^5iViV) 

where the last equality follows from Remark 5.3. Combining these two equations, 
we obtain 

{D6)g{iP) = (1 - ng)(-A2V' - iJ^'VjViV - V^5Vj^) 

= il-Ilg)i-Lg^) 

If (1 — Ilg){Lgtl)) = 0, then Lgip G Jg. But since Lg is self-adjoint, (ImagcLg)^ = 
keiLg and hence Lgijj = 0. Since tp G /fc+4, this implies tp = 0. Thus (-D6)(g 0) 
is injective, which also imphes that (£'S)(g_o) is surjective since (£>6)(g_o) is self- 
adjoint. This completes the proof. 
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